The embedding theorems in anisotropic Besov-Lions type spaces B l p,θ (R n ;E 0 ,E) are studied; here E 0 and E are two Banach spaces. The most regular spaces E α are found such that the mixed differential operators
Introduction
Embedding theorems in function spaces have been studied in [8, 35, 37, 38] . A comprehensive introduction to the theory of embedding of function spaces and historical references may be also found in [37] . In abstract function spaces embedding theorems have been investigated in [4, 5, 10, 17, 21, 27, 34, 40] . Lions and Peetre [21] showed that if u ∈ L 2 0,T;H 0 , u (m) ∈ L 2 (0,T;H), ( [28] [29] [30] [31] and [23, 24] , respectively. Embedding theorems in Banach-valued Besov spaces have been studied in [4, 5, 27, 32] . The solvability and spectrum of boundary value problems for elliptic differential-operator equations (DOE's) have been refined in [3-7, 13, 28-33, 39, 40] . A comprehensive introduction to DOE's and historical references may be found in [15, 18, 40] . In these works, Hilbert-valued function spaces essentially have been considered. The maximal L p regularity and Fredholmness of partial elliptic equations in smooth regions have been studied, for example, in [1, 2, 20] and for nonsmooth domains studied, for example, in [16, 26] . For DOE's the similar problems have been investigated in [13, 28-32, 36, 39, 40] . Let E 0 , E be Banach spaces such that E 0 is continuously and densely embedded in E. In the present paper, E-valued Besov spaces B l+s p,θ (R n ;E 0 ,E) = B s p,θ (R n ;E 0 ) ∩ B l+s p,θ (R n ;E) are introduced and called Besov-Lions type spaces. The most regular interpolation class E α between E 0 and E is found such that the appropriate mixed differential operators D α are bounded from B l+s p,q (R n ;E 0 ,E) to B s p,q (R n ;E α ). By applying these results the maximal regularity of certain class of anisotropic partial DOE with varying coefficients in Banachvalued Besov spaces is derived.
The paper is organized as follows. Section 2 collects notations and definitions. Section 3 presents the embedding theorems in Besov-Lions type spaces Section 4 contains applications of the underlying embedding theorem to vector-valued function spaces. Section 5 is devoted to the maximal regularity (in B s p,q (R n ;E)) of the certain class of anisotropic DOE with variable coefficients in principal part. Then by using these results the maximal B-regularity of the parabolic Cauchy problem is shown. In Section 6 these DOE are applied to BVP's and Cauchy problem for the finite and infinite systems of quasielliptic and parabolic PDEs, respectively.
Notations and definitions
Let E be a Banach space. Let L p (Ω;E) denote the space of all strongly measurable E-valued functions that are defined on Ω ⊂ R n with the norm
The Banach space E is said to be a ζ-convex space (see [9, 11, 12, 19] ) if there exists on E × E a symmetric real-valued function ζ(u,v) which is convex with respect to each of the variables, and satisfies the conditions
A ζ-convex space E is often called a UMD-space and written as E ∈ UMD. It is shown in [9] that the Hilbert operator
is bounded in L p (R;E), p ∈ (1,∞) for those and only those spaces E, which possess the property of UMD spaces. The UMD spaces include, for example, L p , l p spaces and the Lorentz spaces L pq , p, q ∈ (1,∞). Let C be the set of complex numbers and let
A linear operator A is said to be a ϕ-positive in a Banach space E, with bound M > 0 if D(A) is dense on E and 
Let E 0 and E be two Banach spaces. By (E 0 ,E) σ,p , 0 < σ < 1, 1 ≤ p ≤ ∞ we will denote the interpolation spaces obtained from {E 0 ,E} by the K-method (see, e.g., [37, Section 1.3.1] or [10] ).
Let S(R n ;E) denote a Schwartz class, that is, the space of all E-valued rapidly decreasing smooth functions ϕ on R n . E = C will be denoted by S(R n ). Let S (R n ;E) denote the space of E-valued tempered distributions, that is, the space of continuous linear operators from S(R n ) to E.
Let α = (α 1 ,α 2 ,...,α n ), α i are integers. An E-values generalized function D α f is called a generalized derivative in the sense of Schwartz distributions of the generalized function f ∈ S (R n ,E) if the equality
holds for all ϕ ∈ S(R n ). By using (2.7) the following relations 
p,θ (R n ;E 0 ,E) will be denoted by B l+s p,θ (R n ;E). Let m be a positive integer. C(Ω;E) and C m (Ω;E) will denote the spaces of all E-valued bounded continuous and m-times continuously differentiable functions on Ω, respectively. We set
(2.14)
Let Let
. We say that H k is a uniform collection of multipliers if there exists a constant M 0 > 0, independent on h ∈ K, such that
for all h ∈ K and u ∈ S(R n ;E 1 ).
Let β = (β 1 ,β 2 ,...,β n ) be multiindexes. We also define 
1 is a combined restriction to E, p, q, θ, and s. This condition is sufficient for our main aim. Nevertheless, it is well known that there are Banach spaces satisfying the B-multiplier condition for isotropic case and p = q, for example, the UMD spaces (see [4, 14] ).
A Banach space E is said to have a local unconditional structure (l.u.st.) if there exists a constant C < ∞ such that for any finite-dimensional subspace E 0 of E there exists a finitedimensional space F with an unconditional basis such that the natural embedding E 0 ⊂ E factors as AB with B :
The expression u E1 ∼ u E2 means that there exist the positive constants C 1 and C 2 such that
6 Embedding and B-regular operators Let α 1 ,α 2 ,...,α n be nonnegative and let l 1 ,l 2 ,...,l n be positive integers and let
Consider in general, the anisotropic differential-operator equation 
..,= l n we obtain isotropic equations containing the elliptic class of DOE.
The function belonging to space B s+l p,θ (R n ;E(A),E) and satisfying (2.22) a.e. on R n is said to be a solution of (2.22) 
Consider the following parabolic Cauchy problem
where L is a realization differential operator in B s p,θ (R n ;E) generated by problem (2.22) , that is, 
is a bounded operator in E uniformly with respect to ξ and h, that is, there is a constant C μ such that
for all ξ ∈ R n , where
Using the moment inequality for powers of positive operators, we get a constant C μ depending only on μ such that
Now, we apply the Young inequality, which states that ab ≤ a k1 /k 1 + b k2 /k 2 for any positive real numbers a, b and k 1 , k 2 with 1/k 1 + 1/k 2 = 1 to the product
8 Embedding and B-regular operators there exists a constant M 0 independent on ξ, such that
for all ξ ∈ R n . Substituting this on the inequality (3.8) and absorbing the constant coefficients in C μ , we obtain
Substituting the value of u we get
By using the properties of the positive operator A for all f ∈ E we obtain from (3.12) where
Veli B. Shakhmurov 9 To see this, it is sufficient to show that the function
is Fourier multiplier in L p (R n ;E). It is clear to see that for β ∈ U n and ξ ∈ V n 
is Fourier multiplier in L p (R n ;E). So, we obtain for all u ∈ B l+s p,θ (R n ;E) the estimate 
for all u ∈ B l+s p,θ (R n ;E(A),E).
Proof. We have
for all u such that
On the other hand by using the relation (2.8) we have
Since the operator A is closure and does not depend on ξ ∈ R n hence denoting Fu by u, from the relations (3.24), (3.26) and by definition of the space W l B s p,θ (R n ;E 0 ,E) we have
By virtue of Lemma 3.2 and by the above relations it is sufficient to prove that
The inequality (3.23) will be followed if we prove the following inequality
for a suitable C μ and for all u ∈ B s+l p,θ (R n ;E(A),E), where
Let us express the left-hand side of (3.29) as follows: 
for all β ∈ U n , ξ ∈ V n , and 0 < h ≤ h 0 < ∞. To see this, we apply Lemma 3.1 and get a constant M μ > 0 depending only on μ such that
for all ξ ∈ R n and ν = 1/ p − 1/q. This shows that the inequality (3.33) is satisfied for β = (0,...,0). We next consider (3.33) for β = (β 1 ,...,β n ) where β k = 1 and β j = 0 for j = k. By differentiation of the operator-function Ψ(ξ), by virtue of the positivity of A, and by using (3.34) we have
Repeating the above process we obtain the estimate (3.33). Thus the operator-function Ψ h,μ (ξ) is a uniform multiplier with respect to h, that is,
This completes the proof of Theorem 3.3. 
in the estimate (3.23) we obtain the above estimate.
Remark 3.5. It seems from the proof of Theorem 3.3 that the extra condition to space E (E is UMD space with l.u.st.) and the condition s k /(l k + s k ) + s j /(l j + s j ) ≤ 1 for k, j = 1,2,...,n are due to Lemma 3.2 (here the l.u.st. condition for the space E is required due to using of Marcinkiewicz-Lizorkin type multiplier theorem [41] in L p (R n ;E) space). Therefore, the proof of Theorem 3.3 implies the following. Then the following embedding
is continuous and there exists a positive constant C μ depending only on μ such that
Application to vector-valued function spaces
By virtue of Theorem 3.3 we obtain the following. 
with the norm
Note that l 0 q = l q . Let A be an infinite matrix defined in l q such that 
) and the corresponding estimate (3.23).
Veli B. Shakhmurov 13 It should not be that the above embedding has not been obtained with a classical method until now.
Maximal B-regular DOE in R n
Consider the following differential-operator equation
in B s p,q (R n ;E), where A(x), A α (x) are possible unbounded operators in a Banach space E, a k are complex-valued functions, l = (l 1 ,l 2 ,...,l n ) and l i are positive integers. The maximal regularity for DOE was investigated, for example, in [12, 14, 30] . Let us consider DOE with constant coefficients
where A is a possible unbounded operator in E, A λ = A + λ and b α are complex numbers. holds with respect to the parameter λ.
Proof. By applying the Fourier transform to (5.2) we obtain
Since K(ξ) ∈ S(ϕ) for all ξ ∈ R n , the operator A + [λ + K(ξ)] is invertible in E. So, we obtain that the solution of (5.5) can be represented in the form Hence, it is suffices to show that the operator-functions
are multipliers in B s p,q (R n ;E) uniformly with respect to λ. Firstly, by using the positivity properties of operator A we obtain that the operator function σ λ (ξ) is bounded uniformly with respect to λ. That is,
Then by virtue of the same properties of the operator A we obtain from (5.9)
Then in view of (5.10) we obtain that the operator-valued functions σ jλ (ξ) are the uniform collection of multipliers from B s p,q (R n ;E) to B s p,q (R n ;E). So we get that for all f ∈ B s p,q (R n ;E) there is a unique solution of (5.2) in the form u(
and the estimate (5.4) holds. Consider the problem (5.1). Let L 0 and L operators in B s p,q (R n ;E) be generated by problems (5.2) and (5.1), respectively, that is, holds with respect to λ.
..,∞, be a partition of unity such that 0 ≤ ϕ j ≤ 1 and
. From the equality (5.1) for u ∈ B l+s p,q (R n ;E(A),E) we obtain
where
and b α j (x) are continuous and uniformly bounded functions containing derivatives of ϕ j . Choose a large ball
..,N. Define coefficients of the local operators L j as in [12, Theorem 5.7] , that is, 
where The above estimate implies that the problem (5.1) has a unique solution and the operator (L + λ) has an invertible operator in its rank space. We need to show that this rank space coincide with the space B s p,q (R n ;E). Let us construct for all j the function u j , that is defined on the regions G j and satisfying the problem (5.1). The problem (5.1) can be expressed in the form 
